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Abstract. We present the results of magnetic properties and entanglement of the distorted diamond chain
model for azurite using pure quantum exchange interactions. The magnetic properties and concurrence
as a measure of pairwise thermal entanglement have been studied by means of variational mean-field like
treatment based on Gibbs-Bogoliubov inequality. Such a system can be considered as an approximation of
the natural material azurite, Cu3(CO3)2(OH)2. For values of exchange parameters, which are taken from
experimental results, we study the thermodynamic properties, such as azurite specific heat and magnetic
susceptibility. We also have studied the thermal entanglement properties and magnetization plateau of the
distorted diamond chain model for azurite.
1 Introduction
Copper oxide materials as low-dimensional magnetic sys-
tems are interesting subjects to investigate because of the
new physics that can arise in low temperatures. The nat-
ural material azurite Cu3(CO3)2(OH)2 is the one of such
copper oxide material which has been the subject of de-
bates in recent years [1,2,3,4,6,7,8].
Moreover, azurite can be considered as one of the first
experimental realizations of the 1D distorted (J1 6= J3)
diamond chain model (see Figure 1, for the detailed struc-
ture of azurite see for example [2]). It shows antiferromag-
netic behavior at temperatures below Neel temperature
1.9 K [9]. Both the experimental analysis and theoreti-
cal modeling have been performed, but there is no clarity
about exact values of the relative exchange interactions
between azurite’s copper ions [1,2,3,4,6,7,8]. On the other
hand, there is significant evidence that the magnitude of
the exchange interaction J2 is the greatest one, forming
dimers and monomers of Cu- ions [2,4,7]. In [2] an effective
generalized spin-1/2 diamond chain model has been sug-
gested with a dominant antiferromagnetic Cu-ions of the
dimer coupling J2, two antiferromagnetic Cu-ions of the
dimer-monomer couplings J1 and J3, as well as a signif-
icant direct monomer- monomer of Cu-ions Jm exchange
which explains a broad range of experiments on azurite
and resolves the existing controversies.
The most noticeable feature is that there is a large
magnetization plateau at 1/3 of the saturation magne-
tization [4], which extends from 11 to 30 T , when the
magnetic field is applied in the perpendicular to the chain
axis. Such 1/3 plateau is usually associated with classi-
Send offprint requests to:
Fig. 1. Distorted diamond chain.
cal up-up-down (uud) type of spin arrangement (or with
a quantum state which has a classical analogue), while
the 1/3 plateau of azurite is proposed to be of fundamen-
tally different, 00u type, where the dominant J2 coupling
ensures that the two ”dimer” spins on the Cu2 sites (see
Figure 1) are in a singlet state, while the third ”monomer”
(Cu1) spin is completely polarized by the magnetic field.
This state is based on the presence of a singlet and is a
pure quantum nature without a classical analogue. There-
fore azurite is the first successful candidate for describing
a 1/3 quantum plateau state [10,11]. Another characteris-
tic feature is that there is almost a direct transition from
the plateau of saturation, which may be an interpretation
as a remnant of the so-called localized magnon-members
present in a perfect chain of diamond [12,13].
The phenomenon of magnetization plateau has been
studied during the past decade both experimentally and
theoretically. The plateau may exist in the magnetization
curves of quantum spin systems in the case of a strong
magnetic external field at low temperatures. Magnetiza-
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ladders, hierarchical lattices and theoretically analysed
by dynamical, transfer matrix approaches as well as by
the exact diagonalization in clusters [14,15,16,17,18,19].
In this paper, we obtain the magnetization plateau in 1D
diamond chain using variational mean-field like treatment,
based on Gibbs-Bogoliubov inequality [20,21,22,23,24,25,26].
Entanglement [27,30] has gained renewed interest with
the development of quantum information science. Entan-
gled states constitute a valuable resource in quantum in-
formation processing [31,32] for example the predicted ca-
pabilities of quantum computers rely on entanglement.
Numerous different methods of entanglement measuring
have been proposed for its quantification [27]. In this pa-
per we use concurrence [33,34] as entanglement measure of
the spin-1/2 system. Geometrical frustration and thermal
entanglement (concurrence) of spin-1/2 Ising-Heisenberg
model on a symmetrical diamond chain was studied in
[35]. In this paper we study the concurrence of spin-1/2
Heisenberg model on a distorted diamond chain as the
approximation of natural mineral azurite.
This paper is organized in the following way. In sec-
tion 2 the variational mean-field formalism based on the
Gibbs–Bogoliubov inequality is applied to the Heisenberg
model on the distorted diamond chain. In section 3 we in-
vestigate the magnetic properties of the system and com-
pare the obtained results with the experimental data of the
magnetization, specific heat and magnetic susceptibility.
In section 4 the concurrence of the system is calculated.
Some conclusive remarks are given in the last section.
2 Gibbs-Bogoliubov approach
We use a spin–1/2 Heisenberg model. The Hamiltonian of
the Heisenberg model is
H =
∑
〈i,j〉
Ji,jSiSj −
∑
i
gµBBSi, (1)
where Si are the spin–1/2 operators, Ji,j is the exchange
interaction constants connecting sites i and j, B is the
value of the external magnetic field, g - the gyromagnetic
ratio and µB - the Bohr magneton. The Hamiltonian for
the distorted diamond chain can be written as
H = J1
∑
i
[
αi − h
2
(
Si1
z + Si4
z
)− h (Si2z + Si3z)
]
, (2)
where h = gµBB
z and the g is set to 2,06 [36] and
αi = S
i
2S
i
3 + δmS
i
1S
i
4 + δ2(S
i
1S
i
3 + S
i
2S
i
4) +
+ δ3(S
i
1S
i
2 + S
i
3S
i
4). (3)
where δ2 = J1/J2, δ3 = J3/J2 and δm = Jm/J2. Here and
further exchange parameters (J1, J2, J3) and the magnetic
field h are taken in Boltzmann constant scaling i.e. Boltz-
mann constant is set to be kB = 1.
Gibbs-Bogoliubov inequality [20,21,22,23,24,25,26] states
that for free energy (Helmholtz potential) of the system
we have
F ≤ F0 + 〈H −H0〉0 , (4)
Fig. 2. Each ∆i cluster consists of one rectangle of S
i
1,
S
i
2, S
i
3, S
i
4 sites (grey rectangle) and dimer of S
i
2′ , S
i
3′
sites (bold line).
where H is the real Hamiltonian which describes the sys-
tem and H0 is the trial one. F and F0 are free energies
corresponding to H and H0 respectively and 〈. . .〉0 de-
notes the thermal average over the ensemble defined by
H0.
By introducing trial Hamiltonian for our model con-
taining unknown variational parameters one can minimize
right hand side of Gibbs-Bogoliubov inequality (4) and get
the values of those parameters.
We introduce a trial Hamiltonian H0 as a set of nonin-
teracting clusters of two types in the external self-consistent
field: the rectangle and the line (see Figure 2)
H0 =
∑
∆i
(H0
(i) +H ′0
(i)), (5)
where the indexes of summation ∆i label different nonin-
teracting clusters and
H
(i)
0 = λ (αi)− γ1Si1z − γ2Si2z − γ3Si3z − γ4Si4z,
H ′0
(i) = λ′
(
S
i
2′S
i
3′
)− γ′2Si2′z − γ′3Si3′z, (6)
where λ, λ′ and γj , γ
′
j are the variational parameters.
The real Hamiltonian (2) can be represented in the
following form:
H =
∑
∆i
H(i), (7)
where H(i) has the following form:
H(i) = J2αi − h
(
Si1
z + Si2
z + Si3
z + Si4
z
)
+ J2
(
S
i
2′S
i
3′
)−
− h(Si2′z + Si3′z) +
Jm
2
(Si1S
i−1
4 + S
i
4S
i+1
1 ) +
+ J1(S
i
1S
i−1
3′ + S
i
4S
i
2′) + J3(S
i
1S
i−1
2′ + S
i
4S
i
3′), (8)
Gibbs-Bogoliubov inequality (4) can be rewritten now as
follows:
f (i) ≤ f (i)0 + (J2 − λ) 〈αi〉0 + (J2 − λ′)
〈
S
i
2′S
i
3′
〉
0
+
+ J1(m1m
′
3 +m4m
′
2) + J3(m1m
′
2 +m4m
′
3)+
+ Jm(m1m4)−
4∑
j=1
(h− γj)mj −
3∑
j=2
(h− γ′j)m′j ,
(9)
where f (i) = F/N and f
(i)
0 = F0/N are free energies of
the one cluster (N is number of clusters) and we denote by
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Fig. 3. Magnetization m of the cluster versus external
magnetic field h (Tesla) for J2 = 33K, J1 = 15.51 K,
J3 = 6.93 K, Jm = 4.62 K at and T=1.3 K.
mj ≡
〈
Sij
z
〉
0
and m′j′ ≡
〈
Sij′
z
〉
0
the magnetisations of ∆i
cluster. Here we take into account that spins of different
clusters are statistically independent, i.e.
〈
S
i
jS
i,i±1
k′
〉
0
=
mjm
′
k. For given h, Ji one must perform the minimization
of r.h.s and obtain the values for γ, λ and γ′, λ′. Minimiz-
ing the right hand side of (9) in order to γj , λ and γ
′
j , λ
′
and using the fact, that
∂f
(i)
0
∂λ
= 〈αi〉0 and
∂f
(i)
0
∂γj
= −mj
we obtain the following values for the variational param-
eters:
λ = λ′ = J2,
γ2 = γ3 = h,
γ1 = h− J1m′3 − J3m′2 − Jmm4,
γ4 = h− J3m′3 − J1m′2 − Jmm1,
γ′2 = h− J1m4 − J3m1,
γ′3 = h− J3m4 − J1m1. (10)
Using this values and the trial Hamiltonian one can cal-
culate the value of any thermodynamical function of our
system for the fixed h, Ji.
3 Magnetisation, specific heat and
susceptibility
The results of the previous section can be used for in-
vestigation of the magnetic properties of the model. The
magnetization of arbitrary site mυ of cluster ∆i is defined
as
mυ =
Tr(Siυ
ze−H
(i)
0 /T )
Z
(11)
where Siυ
z is corresponding spin operator,H
(i)
0 is the Hamil-
tonian (6) and Z is the corresponding partition function
of the cluster. To obtain all six magnetizations (m′2,m
′
3,
m1, . . .m4) one must insert the values of the variation pa-
Fig. 4. Magnetizations m1,m2,m3 and m4 versus ex-
ternal magnetic field h (Tesla) for J2 = 33K, J1 =
15.51 K, J3 = 6.93 K, Jm = 4.6 K. at T=0.8 K.
rameters (10) into the equation (11) and solve the result-
ing system of equations for the fixed h, Ji.

m1 = f1(m
′
2,m
′
3,m1,m4)
. . .
m4 = f4(m
′
2,m
′
3,m1,m4)
m′2 = f
′
2(m1,m4)
m′3 = f
′
3(m1,m4)
(12)
The calculations of our paper is based on the effective
diamond chain with values of coupling constants taken
from [2]:
J2 = 33K; δ2 = 15.51/33; δ3 = 6.93/33; δm = 4.62/33.
(13)
The dependence of the averagemagnetization (for clus-
ter)
m =
m1 +m2 +m3 +m4 +m
′
2 +m
′
3
6
(14)
from external magnetic field, calculated from (12), is shown
in Figure 3. As it can be seen from the Figure 3 the 1/3
magnetisation plateau at T = 1.3K extends from 11 T
to 29 T interval, while the experimental data [2,4] gave
11 T − 30 T interval.
As it mentioned above, azurite is a good candidate
to exhibit 00u type 1/3 plateau state [10,11]. The plots
in Figure 4 illustrate magnetisation versus magnetic field
dependencies for different sites obtained using mean-field
approach. As it can be seen from the Figure 4 dimers are
essentially in the singlet state (dashed lines) whereas the
single ”monomer” spins are almost fully polarized in the
1/3 plateau (solid lines). The observed polarization is in-
compatible with a uud type of plateau, in which the dimer
spins are strongly polarized. We find that dimer spins are
about 2.5% polarized while the numerical calculation for
the ideal diamond chain Heisenberg model gives 2.7% po-
larisation [2], while experiments give 10% [10].
The magnetic susceptibility is defined as follows:
χ0 =
(
∂m
∂h
)
h=0
. (15)
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Fig. 5. Zero field magnetic susceptibility versus temper-
ature.
The magnetic susceptibility measurements of azurite per-
formed in [4] and it was found double-peak-like structure
in the magnetic susceptibility curve, namely, in the tem-
perature dependence of the magnetic susceptibilities the
sharp peak appears at 5K and the rounded peak is ob-
served at 23K. The Figure 5 shows the temperature de-
pendence of magnetic susceptibility obtained by our cal-
culations using (12) and (14). It has first sharp peak at
4.4K.
Analogous to the magnetic susceptibility, we also have
calculated specific heat:
C = −T
(
∂2f0
∂T 2
)
h=0
. (16)
The specific heat measurements for azurite are performed
in [4] and a sharp peak is observed at TN = 1.8K signal-
ing an ordering transition and two anomalies have been
observed in the specific heat at T = 4K and T = 18K
[4,5]. The first peak is out of reach of a one-dimensional
model. Our calculations gave a low-temperature peak for
H = 0 at T = 3K and the second peak at 12K (Fig-
ure 6). The obtained double-peak-like structure of specific
heat reproduce the important features of the experimen-
tal results [2,4]. Density functional theory (DFT) [2] also
gives the double-peak-like structure for the specific heat.
In this paper we have reproduced the important features
of the experimental results in the specific heat properties
of azurite theoretically.
4 Concurrence and thermal entanglement
The mean-field like treatment transforms many- body sys-
tem to the set of clusters in the effective self-consistent
magnetic field. This allows to study, in particular, ther-
mal entanglement properties of the system. The entangle-
ment of formation [29,30] was proposed to quantify the
entanglement of a bipartite system. Unfortunately the en-
tanglement of formation extremely difficult to calculate,
in general. However, in the special case of two spin 1/2
particles an analytical expression [33,34] can be obtained
Fig. 6. Zero field specific heat versus temperature.
for the entanglement of formation of any density matrix
of two spin 1/2 particles:
EF = H(
(1 +
√
1− C2)
2
), (17)
where
H(x) = −x log2(x)− (1− x) log2(1 − x), (18)
and C is the quantity called concurrence [33,34]. In the
case of diamond chain the concurrence Ci,j corresponding
to the pair (i, j) has the following form:
Ci,j = max{λ1 − λ2 − λ3 − λ4, 0}, (19)
where λk are the square roots of the eigenvalues (λ1 is the
maximal one) of the matrix
ρ˜ = ρij · (σyi ⊗ σyj ) · ρ∗ij · (σyi ⊗ σyj ), (20)
where ρij is the reduced density matrix for (i, j) pair. For
rectangle cluster the density matrix is
ρ =
1
Z
16∑
i=1
e−
Ei
T |ψi〉〈ψi|, (21)
where Z is the partition function of the rectangle and ψi
and Ei are eigenvectors and eigenvalues of the Hamilto-
nian H
(i)
0 (6) respectively. The reduced density matrix of
(i, j) pair ρij can be calculated as
ρij =
∑
p
〈
φklp |ρ|φklp
〉
, (22)
where φklp is the p-th basis vector for (k, l) remaining pair
of sites of rectangle. After the calculations it has the fol-
lowing form
ρij =


u 0 0 0
0 w y 0
0 y w 0
0 0 0 v

 , (23)
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Fig. 7. The concurrences CJ2 , CJ1 , CJ3 and CJm versus
external magnetic field h (Tesla) at T = 0.1K for J2 =
33K, J1 = 15.51 K, J3 = 6.93 K, Jm = 4.62 K.
where u,w, y and v are some functions of variables γ, λ, γ′, λ′
and T . Using (19), (20) and (23) one can find the following
expression for the concurrence Ci,j
Ci,j = 2max{|y| −
√
uv, 0}. (24)
In Figure 7 is shown the dependence of concurrencesC2,3 ≡
CJ2 , C1,2 = C3,4 ≡ CJ3 , C1,3 = C2,4 ≡ CJ1 and C1,4 ≡
CJm on the magnetic field. The behavior of the concur-
rence can be used to analyze spin phases of azurite. As
it can be seen from the Figure 7 there is three regions
in magnetic field axes with different ground states. For
lower value of external magnetic field the opposite spins
(S2 and S3) in diamond cluster is highly entangled. The
neighboring spins with lower coupling constant are not
entangled. For higher values of h when the magnetization
has a plateau the entanglement of (S1, S4) pair is almost
zero, i. e. practically unentangled, while the (S2, S3) pair
is almost fully entangled. The concurrence of the neigh-
boring spins on the plateau is small, comparing to (S2, S3)
pair, moreover the neighboring spins with lower coupling
constant (J3) are unentangled.
Now, we consider the dependence of the concurrence
on temperature. Figure 8 (a) shows the temperature de-
pendence of the concurrence for different pairs of diamond
chain at small value of the magnetic field (h = 1T ). The
neighboring spins with lower coupling constant (J3) stay
unentangled with increasing temperature while the con-
currence of the bigger one (J1) decreases with tempera-
ture to 4.5K, where the entanglement vanishes. The con-
currences of Jm pair J1 behave similar and vanish almost
at the same temperature, while the dominant J2 pair stays
entangled at higher temperatures (until 28K). Almost the
same behaviour shows the temperature dependence of the
concurrence for different pairs of diamond chain at plateau
phase h = 18T (Figure 8 (b)). The concurrences for Jm, J3
and J1 decrease with temperature and vanish sequential
between 4K and 7K while the concurrence for J2 pair
stays entangled for the higher temperatures and vanishes
at the same temperature as for small values of magnetic
field (28K).
As it can be seen from the Figure 7 and 8b in the plateau
a)
b)
Fig. 8. The concurrences CJ2 , CJ1 , CJ3 and CJm versus
temperature for a) h = 0T and b) h = 18T .
state dimers are almost fully entangled (lines labeled by
CJ2 in the figures) whereas the monomer spins are weakly
entangled (lines labeled by CJ1 and CJ3 in the figures).
The observed entanglements is incompatible with a (uud)
type of plateau, and confirm the proposed (00u) nature of
the plateau.
Now we revert to the Figure 8 (a) to notice that com-
parison of the Figure 8 (a) with the Figure 6 shows that
the C(J2) has a peak at nearly T = 5K and it is located
between two peaks of the specific heat. Roughly such a
behavior can be understood as follows.
As a result of interaction between the horizontal (Jm) and
vertical (J2) dimers and also as a result of an asymmetry
(J1 > J3), decreasing of the concurrences (in comparison
with non-interacting case) of these dimers at zero temper-
ature is observed. As temperature increases, energy ”ac-
cumulates” in the horizontal dimer at first and in the ver-
tical dimer later, which causes the double peak structure
in the specific heat picture (see Figure 6). During the pro-
cess of ”energy accumulation” in the sites of the horizontal
dimer (the first peak region) destruction of a quantum cor-
relations between them takes place as a result of thermal
fluctuations (so the concurrence C(Jm) is decreasing, see
Figure 8 (a)). And also destruction of a quantum corre-
lations between the sites of horizontal dimer and vertical
one occurs. As a consequence one can see an increasing
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of C(J2) from T = 0K to T = 5K (without above men-
tioned couplings (non-interacting dimers case) C(J2) gets
its maximal value equals to 1 in this region). Further tem-
perature increasing brings destruction of the quantum cor-
relations between the sites of the vertical dimer, which is
the result of ”energy accumulation” on these sites (and
as a consequence - decreasing of C(J2) and increasing the
specific heat to the second peak).
Varying values J1, J2, J3, Jm of the coupling constants,
brings to analogical picture, except the symmetric case
where J1 = J3. In the symmetric case the concurrences
C(J2) = C(Jm) = 1 (at zero temperature) and are de-
creasing with the temperature and as fast as are higher
the values of the J1 = J3 coupling constants. Closer is the
diamond to the symmetric case, worse is the appearance
of the peak structure in the C(J2) picture.
5 Conclusions
In this paper using Heisenberg model the distorted dia-
mond chain was studied as approximation for natural ma-
terial, azurite Cu3(CO3)2(OH)2. The magnetic properties
and concurrence as a measure of pairwise thermal entan-
glement of the system was studied by means of variational
mean-field like treatment based on Gibbs-Bogoliubov in-
equality. In our approach for the values of exchange pa-
rameters taken from theoretical and experimental results
we have obtained the 1/3 magnetization plateau with cor-
rect critical values of magnetic field, moreover this plateau
is caused by 00u type plateau state. We also studied the
thermal entanglement properties of the distorted diamond
chain and drew a parallel between them and the specific
heat ones.
Acknowledgments
We would like to thank Prof. Johannes Richter for help-
ful discussions, comments and valuable suggestions. This
work has been supported by the French-Armenian grant
No. CNRS IE-017 and by the Brazilian FAPEMIG grant
No. CEX - BPV - 00028-11.
References
1. A. Honecker, A. Lauchli, Phys. Rev. B 63, 174407 (2001)
2. H. Jeschke, I. Opahle, H. Kandpal, R. Valenti, H. Das,
T. Saha-Dasgupta, O. Janson, H. Rosner, A. Bruhl,
B. Wolf, M. Lang, J. Richter, S. Hu, X. Wang, R. Peters,
T. Pruschke, A. Honecker, Phys. Rev. Lett. 106, 217201
(2011)
3. A. Honecker, S. Hu, R. Peters, J. Ritcher, J. Phys.: Con-
dens. Matter 23, 164211 (2011)
4. H. Kikuchi, Y. Fujii, M. Chiba, S. Mitsudo, T. Idehara,
T. Tonegawa, K. Okamoto, T. Sakai, T. Kuwai, H. Ohta,
Phys. Rev. Lett. 94, 227201 (2005)
5. J. Kang, C. Lee, R. K. Kremer, M-H Whangbo, J. Phys.:
Condens. Matter 21, 392201 (2009)
6. B. Gu, G. Su, Phys. Rev. Lett. 97, 089701 (2006)
7. K. C. Rule, A. U. B. Wolter, S. Sullow, D. A. Tennant,
A. Bruhl, S. Kohler, B. Wolf, M. Lang, J. Schreuer, Phys.
Rev. Lett. 100, 117202 (2008)
8. H.-J. Mikeska, C. Luckmann, Phys. Rev. B 77, 054405
(2008)
9. R. D. Spence, R.D. Ewing, Phys. Rev. 112, 1544 (1958)
10. K. Okamoto, T. Tonegawa, M. Kaburagi, J. Phys.: Con-
dens. Matter 15, 5979 (2003)
11. B. Gu, G. Su, Phys. Rev. B 75, 174437 (2007)
12. J. Schulenburg, A. Honecker, J. Schnack, J. Richter, H.-J.
Schmidt, Phys. Rev. Lett. 88, 167207 (2002)
13. O. Derzhko and J. Richter, Eur. Phys. J. B 52, 23 (2006)
14. T. A. Arakelyan, V. R. Ohanyan, L. N. Ananikian,
N. S. Ananikian, M. Roger, Phys. Rev. B 67, 024424 (2003)
15. G. Japaridze, S. Mahdavifar, Eur. Phys. J. B 68, 59 (2009)
16. V.V. Hovhannisyan, L.N. Ananikyan, N. S. Ananikian, Int.
J. of Mod. Phys. B 21, 3567 (2007)
17. V.V. Hovhannisyan, N.S. Ananikian, Phys. Lett. A 372,
3363 (2008)
18. V. R. Ohanyan, N. S. Ananikian, Phys. Lett. A 307 76
(2003)
19. N. Ananikian, L. Ananikyan, R. Artuso, H. Lazaryan,
Phys. Lett. A 374, 4084 (2010)
20. N. N. Bogoliubov J. Phys. (USSR) 11, 23 (1947)
21. G. D. Mahan Many-Particle Physics (New York:
Kluwer/Plenum 2000)
22. S-S Gong, G. Su Phys. Rev. A 80, 012323 (2009)
23. M. Asoudeh, V. Karimipour Phys. Rev. A. 73, 062109
(2006)
24. N. Canosa, J. M. Matera, R. Rossignoli, Phys. Rev. A. 76,
022310 (2007)
25. N. S. Ananikian, L. N. Ananikyan, L. A.
Chakhmakhchyan, A. N. Kocharian J. Phys. A 44,
025001 (2011)
26. L. Ananikyan, H. Lazaryan, Journal of Contemporary
Physics (Armenian Academy of Sciences) 46, 184 (2011)
27. L. Amico, R. Fazio, A. Osterloh, V. Vedral Rev. Mod.
Phys. 80, 517 (2008)
28. R. Horodecki, P. Horodecki, M. Horodecki, K.Horodecki,
Rev. Mod. Phys. 81, 865 (2009)
29. C. H. Bennett, D. P. DiVincenzo, J. Smolin, W. K. Woot-
ters, Phys. Rev. A 54, 3824 (1996)
30. C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, J.
Smolin, W. K. Wootters, Phys. Rev. Lett. 76, 722 (1996)
31. C. H. Bennett, D. P. DiVincenzo, Nature 404, 247 (2000)
32. D. Loss, D. P. DiVincenzo Phys. Rev. A 57, 120 (1998)
33. S. Hill, W. K. Wootters Phys. Rev. Lett. 78, 5022 (1997)
34. W. K. Wootters Phys. Rev. Lett. 80, 2245 (1998)
35. N. Ananikian, L. Ananikyan, L. Chakhmakhchyan, O. Ro-
jas, (e-print: cond-mat.str-el/1110.6406)
36. H. Ohta, et.al, J. Phys. Soc. Jpn. 72, 2464 (2003)
